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Figure 5.3. Sixteen-element model

5.6.3 Mixed Formulation for Nearly Incompressible Solids

An effective formulation for analysis of nearly incompressible solids is based on assuming
displacements and pressure independently. The formulation is known as w)p formularion,
with u standing for displacement and p for pressure. The constitutive equations are sepe
rated into deviatoric and volumetric parts. The assumed displacements satisfy the strair-
displacement and deviatoric constitutive equations. The pressure constitutive equation is
treated as an independent equation. Thus, a weak form is constructed from the following

equations:
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By direct multiplication it can easily be verified that

Thus, the final weak form is

al degrees of freedom N.(x, y, 2) & i
* matrix of pressure interpolation
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it this into volumetric and deviatoric strains, we note that a direct multiplication
o the vector m the volumetric strain can be obtained from the vector of total strains as

€, = mTe =m"B’d =B'd = B, = m' B’

8 de latoric strains are CXpr eSSed as
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Rearranging terms, we get
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Substituting the second set of the weighting functions into the weak form, we g ﬂ! e must
equations B woknowr
from the
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Writing the two sets of equations together, we get the following system of olement 4% ety
tions: o
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om the global equations. The solution over each element must be computed by sepa-
g the stresses and strains into deviatoric and volumetric parts. The pressure must be
smputed from the assumed interpolation relationship.
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Assumed Pressure Solution

" 5 true for all mixed formulations, the success of elements for analysis of nearly 1n-
upressible solids depends on the assumed pressure solution. Using a too-high-order
*-1omial for pressure will make the element behave similar to its displacement-based
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5.6.6 Quadrilateral Elements for Planar Problems

The general finite element equations developed in Section 3. 6.5 are specialized %
section for plane stress and plane strain problems. Recall that the plane stress and p Play,

strain formulations are based on the following assumptions:

g, +0y) W& +E)

Plane Stress: 0, = T,, = T,; = =€ = - 3 BRI )

-
.

L }'(61, Ey) _
Plane strain: €, = ), = 7, - 1+w(1=2y) % 2 o

In the usual formulation for plane stress and plane strain elements, €, and ¢; do. enter j mb

the equatlons Therefore, the element equations are based on con81dermg only hree stregs
(0, 0, T,,) and corresponding strain components. However, in the formulation for incop.
preSS1ble: matenals the volumetric strain mvolves all three normal strain components S-“'

and corresponding stress components explicitly in the formulation.

Element strain vector for plane stress:
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Figure 5.4. Four-node master and actual quadrilateral element

4/1-u/p Quadrilateral Element The simplest u/p element is a four-node quadrilateral
element as shown in Figure 5.4. The 4/1 terminology is meant to indicate four displacement
interpolation functions and one pressure term. The interpolation functions for mapping and

the displacements are

1A -9 -1
s+ D1 -1)
s+ e +1)
-5 +1

A constant pressure is assumed over the element. Thus, the stress interpolation matrix is a

1 x 1 matrix with the value 1. That is,
BT =1}

icity. For most practical problems it gives rea-

sonable results. However, it has been shown that the element does not pass the inf-sup test.
Therefore, it must be used with caution. Examples exist in which the results obtained with

this element, instead of improving, get worse as the mesh is refined.

The element is popular because of its simpl

ent to analyze the square cantilever plate shown 1n

Example 5.3 Use only one 4/1 elem :
— 10° In/in%, v = 0.49, g = 1000 1t/in®, and plate

Figure 5.5. Assume that L = 10 in, E
thickness, k = 0.1 in.

671141 0 0 0

0 671141 0 0

Plane stress C,; = 0 0 671141 0
0 0 0 335570

« = 1.66667 X 107; G = 335570
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Figure 5.5. Cantilever plate

Interpolation functions and their derivatives:

1 1
NT = {_i.(s - 1)t - 1), —%(s +DE-1), 2+ 1 + 1), =D+ 1)}

ONT  (t—1 1—¢ t+1 1
—:{ ] ] ,"(_I“‘l)
s 4 4 4 "4
BNT_{s-l 1(__1)s+1 l—s}
a 44 TP
PT ={1)

Mapping to the master element yields
X8, 0)=55+35

50

Gauss quadrature points and weights:

Point Weight

15— -0.57735 1

t - —0.57735
2 5 -0.57735 1

t - 0.57735
3 5§-0.57735 1

t = —0.57735
4 55057735 1

t - 0.57735
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= 0.105662)
ONT '
% ( 105662 0.105662 0.394338)

_0.0788675 O 0.0788675 o

[ o ~0.0788675 0 0011, g
=] 00757747 00757747 -0.0757747  0.020303g "
L (0078675 00788675 00211325 00783675 (0910 3‘33?:}’333 rmradiin dcliad
L - 0.0788675  —0.0211325

. gT = {—0.00309284, —0.00309284, 0.00309284, 0.000828725

s . » 0.000828725, 0.000828725, ~0.000828725, 0.00309234

-0.0778366  0.00103095  0.0778366 0.000276242 00208562  _q 000 _
T —0.00103095  —0.0778366  —0.00103095 -0.0208562  _q 000276242 276242 -0.0208562
- P41 00768056 00768056  —0.0768056  0,020sg —0.02058 3'0203562 0.000276242

—0.0788675  —0.0788675  —0.0211325 0.0788675 0.0211325 _otgi(l)iizs 8'32058

: 0788675

gy =

.'_ I:n..-_ . h.-

. P S
3T
f

|k, =(-000773211 -0.00773211 0.00773211 -0.00207181 0.00207181 0,002071g]

—0.00207181  0.00773211)

St R
i - b
b

] -“'r-=rl'
W

o p 5

=(1L.5x1077)
25283.1 14846.7 —18666.7  —2638.23. ' —677459 . .-3978.17 158.189  —8230.33
14846.7 25283.1 —8230.33 158.189  -3978.17  -677459  -263823  —18666.7 |
~18666.7 —-8230.33 20439.6  -3978.17  5001.73 2205.31  —6774.59 10003.2
-2638.23 158.189  —3978.17  6658.79 706.912 -42.3867  5909.49 —6774.59
. | 677459 -3978.17 5001.73 706.912  1815.25 1065.95 -42.3867  2205.31
-3978.17 -6774.59 2205.31 -42.3867  1065.95 1815.25 706.912 5001.73
158.189  -2638.23 -6774.59  5909.49 423867 706912  6658.79 -3978.17
-8230.33 -18666.7 10003.2  —6774.59 2205.31 5001.73 . —3978.17 20439.6

—0.0196078 0.0196078 0.0196078 ~0.0196078 0.0196078)

54196, . | _ . _73869 10319.8  -7090.5
%7 . 238690  -374182 7090.5 -27098.4 23 i

B s 103198 -20869 . ~270984  TOAS T
14182 _70005 541067 23869 103198 70905 27

~27098.4
10905 10; . s, v _374182 23869  —2709
103198 23860 541967 70905 “IHNL DL, a000s

|94 23860 103198 -7090.5 541967 €7 -70005 103198
16 -270984 70905 -37418.2 23869 5--4190..5 541967 —23869

8 70905 —270084 23869 374182 70900 Tt 41967
NS _aies e Jj0es4 70505 103198 '

__________
. :",4&*‘ S0
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7731.28 —27739.1 24509.
14509.8  —38059 450 ~27739.1 .
i s4837.5  -773128 109605 sy 7731.28 -27739.1
il 413128 48375 ~2A0.8 10960.6 38059 4509,
K=l_27730.1 -24509.8 10960.6  —7731.28 24509.8  54837.5
24500.8  —27739.1 7731.28 38059 38059 ~7731.28
 10960.6 a2 ~2TTN1 245008 . =R 0960.6
10960.6 . aasn0s @ =27139.) 7731.28  10960.

Gauss point = —0.577353; weight = 1; J =

NT=(0 0 0.788675 0.211325)

7=0 0 0 0 0 -394338 0 -105.662)

Gauss point = 0.57735; = weight = 1; =2

C

NT =0 0 0211325 0.788675)

=0 0 0 0 0 -105662 0 —394.338)

Summing contributions from all Gauss points gives us

r£=(0 0 O 0 O -500 0 -500
Complete element equations for element 1:

S4837.5 245098 -38059 773128 —277- . . 8\ (1
USO8 SIEITS ' 7i3nae R AEEEEREEEE LS008 100606  -T13LIS){

10960.6 -27739.1 773128 -38059 ||V
Y ~TBL2 S 773128 -27739.1 245098 || %

\

0

0

0

_2';’7;;-3;-3 _;22382 —24509.8 54837.5 -38059 24509.8 -27739.1 || 2| = 0
. 8 109606  -7731.28 24509.8  —38059 7731.28|| 3| | _s00

(

50

-24509.8  -27739.1 773128 -38059
09606 773128 et 245098 548375 773128 109606 ||

' 245098  -38059  -7731.2 3
agadagich S . 31.28 548375 -24509.8 || "
# —38039 245098 21301 973198 109606 -24509.8 548375 /1%
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pssential BC:
Note  dof vayye
Ty
2
4 1

(== Al = G o

': Global matrices after incorporating EBC:

54837.5  -24509.8 10960.6

7731
K| 7245098 548375 7731 g —38051928
10960.6  —7731.28 54837 24509.8
HYS1.28 138059 24509,8nuitt &

B 0. 0-..500)
Jution of global equations:

{=0.00763677, —0.020883, 0.0108145, —0.0273683)

olution for element quantities:

displacements = (0 0 —0.00763677 —0.020883 0.0108145 -0.0273683 0 0)
ution at {s, r} = {0, 0} = {x, v =15.,5.):

interpolation functions = {% vy b 41}

u =0.00079444; v =-0.0120628

"=(0.000158888 —-0.000324261 0.000158888 —0.00149 0 0)
o" = (1.00188x 101> 324261 0 -500 0 O0)

principal stresses = (363.499 0 —687.76)

effective stress (von Mises) = 924.741

Ple5.4  The 4/1 element is used to solve the plane strain pFOblel,n co{md'esr:gnl:-l
Ple 5.2, The solution at node 5 (x = 0,y = 5) for various poxssonths rcz;itgoialcement
®d in Table 5.2. For Poisson’s ratios up to 0.45, both the s,tress.and f 5 49 alx)nd 0.499,
* Comparable to those in the Example 5.2. For Poisson’s rano(Sj (:loe; not show the
kin, 1" °0t2ined by the u/p element follows the expected trend ar:1 :

8 behavior exhibited by the standard displacement-based element:
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